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Abstract—This paper presents a novel approach for enhancing
the degrees of freedom (DOF) of a physical sensor array
by generating new spatial domains. The technique begins by
applying a Qth-order Hadamard product to the output vector
of the physical sensor array, which generates a virtual output
vector characterized by a unique Qth-order steering vector. This
steering vector, in turn, defines a virtual Qth-order twin array.
The output vector of this twin array is then utilized to extend
the original array output, forming an extended covariance matrix
that incorporates three distinct domains for spatial analysis: the
physical array domain, the twin array domain, and the cross
domain between them. A theorem, grounded in the logic of
the standard multinomial theorem, is introduced to define the
properties of this new configuration, and the performance of the
extended output vector is thoroughly evaluated and compared
against the original using direction of arrival (DOA) estimation.
Finally, extensive simulation results demonstrate the enhance-
ment in uniform DOF achieved by the proposed approach.

Index Terms—Sensor arrays, (Qth-order twin arrays, Qth-
order Hadamard product, degree of freedom (DOF), complex
Gaussian signals (CGSs), direction of arrival (DOA) estimation.

I. INTRODUCTION

N sensor array design and processing, different from uni-

form linear arrays (ULAs) [1], which establish a linear
relationship between the physical sensors and the uniform
degrees of freedom (DOF) resulting from the pairwise dif-
ferences in the physical sensor locations, nested arrays (NAs)
[2] and co-prime arrays (CPAs) [3], [4] have emerged as a
novel approach to array signal processing with enhanced DOF.
Instead of maintaining uniform spacing among all sensors,
these structures segment the array into smaller sub-arrays
with different inter-sensor spacings. This configuration reduces
the redundancy in generating the same pairwise differences,
thereby increasing the uniform DOF.

Consequently, NAs and CPAs have laid the groundwork
for various nonuniform arrays over the last decade [5]-[21].
For example, the enhanced and generalized co-prime array
(EGCA) [11] has enhanced the uniform DOF of the CPA.
Similarly, the super augmented nested arrays (SANA) [13]
have augmented the uniform DOF of the NA. However,
specific arrays, namely the super dilated nested array (SDNA)
[15], [16], and the improved co-prime nested array (ICNA)
[17] have successfully combined the high uniform DOF of
the NA with the low weight function of the CPA.
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However, the degree of freedom is determined by the num-
ber of distinct pairwise differences, aka “virtual sensors,” in the
difference array. Therefore, repositioning the physical sensors
to maximize the uniform DOF is crucial and has been the
typical design goal for these arrays [5]-[21]. Although these
arrays can indeed estimate more sources than physical sensors,
they only utilize the difference array. Consequently, arrays,
considering the sum array as another domain, similar to the
difference array, have been developed [22]-[29]. Furthermore,
to enhance the uniform DOF even further, various geometries
based on high-order cumulants have recently been introduced
[30]-[40].

In this paper, we present a novel approach to array signal
processing that enhances the DOF by moving beyond the sin-
gle baseline domain of a physical sensor array and introducing
new spatial domains. Our method is motivated by viewing
the sensor output as a weighted sum of base components
from the arriving signals. By raising this sum to an integer
power (), we generate a (th-order expansion comprising
harmonic and cross terms of these signals. The harmonic terms
correspond to a new virtual sensor location (Qp;, where p; is
the physical sensor location), which measures the (Jth-order
instantaneous amplitudes of the incoming signals. In contrast,
the cross-signal terms represent interference resulting from
signal mixing. These measurements are also contaminated by
the Qth-order sensor noise and unwanted cross terms between
the noise and the received signals.

Nevertheless, the expanded observations are assembled into
a vector characterized by a unique (th-order steering vector
derived from the original. We refer to this assembled vector as
the output of a “Qth-order twin array” and exploit it to extend
the physical array output, thereby forming an extended array
covariance matrix. This new matrix incorporates additional
spatial domains beyond the original domain of the physical
array: specifically, the domain of the @th-order twin array
and the cross domain between the physical array and its
twin. Furthermore, we demonstrate that although the twin
array is constructed via a nonlinear operation, the QQth-order
moment of its output does not adversely affect the extended
covariance matrix structure. This is because the second-order
moment, representing the signal power, remains the dominant
component. Consequently, standard second-order, subspace-
based direction of arrival (DOA) estimation algorithms can
be applied effectively.

This paper is organized as follows. Section II presents the
sparse array signal processing model, which serves as the
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foundation for the array model developed in Section III. The
core of the theoretical contribution for this study is presented
in Section III. Specifically, Section III-A introduces Theorem
1, which explains how the virtual Qth-order twin array output
vector is derived from the output vector of the physical
sensor array via the Qth-order Hadamard product. The the-
orem defines the general forms of the resulting harmonic and
cross terms, enumerates the distinct terms in each form, and
establishes the multiplicities of these distinct terms within the
polynomial.

Building on this generalized closed-form expression, Sec-
tion III-B introduces a new array signal model that incorpo-
rates the twin array output vector. It also derives the expected
value of each term type within this output vector — including
signal-cross and signal-noise cross terms for an arbitrary order
Q — and presents the specific form of the extended array
covariance matrix for circular signals, particularly complex
Gaussian signals.

Section IV discusses and compares the physical array output
with the combined output of the physical and twin arrays.
It then examines how Qth-order twin array components —
such as harmonic-signal terms, the harmonic-noise term, and
interference terms (signal-cross and signal-noise cross terms)
— affect the extended-array covariance matrix and, in turn, the
performance of subspace-based DOA estimation algorithms.
Section V presents simulation results validating the enhanced
DOF capacity achieved by the physical-virtual array structure.
Finally, Section VI provides concluding remarks.

The following notations are adopted throughout this paper:
boldface lower-case letters (e.g., a) denote vectors, boldface
upper-case letters (e.g., A) denote matrices, and outlined
letters (e.g., P, D) denote sets. The operators ()*, ()", and
()H represent complex conjugation, transpose, and Hermi-
tian (complex conjugate transpose), respectively. The nota-
tion (-)°% signifies the Qth-order element-wise (Hadamard)
power. The vec(-) operator vectorizes a matrix by stacking its
columns. The symbols ® and o represent the Kronecker and
Hadamard products, respectively. Finally, diag(A) denotes a
matrix formed by retaining only the diagonal elements of A,
with all off-diagonal elements set to zero.

II. SPARSE ARRAY SIGNAL PROCESSING

Assume K narrow-band far-field uncorrelated signals
with complex amplitudes [s1(t),...,Sk(t)], modeled as
random variables following complex Gaussian distributions
(CN(0,0%)). Their angles of arrival [0y, ..., 0] lie within the
range [—m/2,7/2]. These signals are intercepted by a sparse
linear array composed of N physical sensors. The sensors
are located at positions given by the set P = {py,...,pn},
where each position is a multiple of a fundamental distance
d: p; = pid for i = 1,..., N. The parameter d, denoting
the minimum inter-sensor spacing, is half the wavelength,
d = \/2. Then, the physical array output vector at time instant
t fort=1,...,T) can be modeled as

K
xp(t) = > ap(0k)sk(t) + np(t) = Apsp(t) + ne(t), (1)
k=1

where

ap(0y) = [e/2r(prd/N)sin(6r) e32n (P /) sin(6) T

2
is the array steering vector for the kth signal direction 6y,
Ap = [ap(01),...,ap(0k)] is the array manifold matrix of
size N x K, sp(t) = [s1(t),...,sx(t)]T is the source signal
vector, and np(t) = [n1(t),...,nx(t)]" is an additive white
Gaussian noise vector with i.i.d. components distributed as
CN(0,02).

The primary process in array processing, which involves
computing the array spatial covariance matrix Rpp by applying
the statistical expectation operator E[-] to the product of xp(t)
with its Hermitian, is given by

Rpp = E[X]p(t)xﬂlg(t)] = APRSSA]}I;I + RIIID (3)

where Rgs = E[sp(t)st(t)] and Run = E[np(t)nfl (t)]
represent the covariance matrices of the source signals and
noise, respectively. Since the arriving signals are assumed to
be uncorrelated, Rgs is a diagonal matrix, such that its main
diagonal res = diag(Rss) = [02,...,0%] is the signal power
vector. Therefore, (3) can be expressed as

K

Rpp = ZO’,%(&]P‘(Q}C)&I?(QIC)) + 021y
k=1

K
=" o7De(6y) + 021y, )
k=1

where Iy is an N x N identity matrix, and Dp(6y,) of size N x
N — resulting from the product of the steering vector with its
Hermitian — is a new steering matrix. The elements of Dp(6},)
are of the form ei27(Pi=pi)(@/N)sin(6x) for 4 j = 1,... N.
This corresponds to a new set of virtual sensor locations given
by the pairwise differences of the physical sensor positions,
Dp = {ﬁl =Di —Pj 1 DPi,Pj eP, = 1,...,N2}.

As such, to create a virtual steering vector corresponding
to the N2 virtual sensor locations for the kth signal direction,
the matrix Dp(0y) is vectorized into dp(0y). Consequently,
the vectorized covariance matrix is given by

K
rpp = VQC(RPP) = Zaidp(ﬁk) + U?Ll, 5)
k=1

where 1 is the vectorized form of the identity matrix Iy (i.e.,
1 = vec(Iy)), and the virtual steering vector dp(fy) can be
expressed more insightfully using the Kronecker product as

dp(0) = vec(Dp(6;)) = vec(ap(fy)all (A1)
= ap(Or) @ ap(fr) € CN**1 5o that
dp(6y) = [ej27'r131(d/)\) sin(@x) | ed2mhy2(d/2) sin(@k)]T. (6)

However, the N2 virtual sensor locations in Dp (corre-
sponding to the entries of rpp) are not unique and may
not be consecutive. Therefore, a processed data vector ry,
corresponding to a central ULA segment U composed of the
consecutive virtual sensor locations at the center of Dp, is
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obtained by averaging the correlation statistics from redundant
physical sensor pairs as

1 Pu

Z (rpp)s, » @)

p=—pbu

Y wE)
where the angle brackets denotes the received signal at the
virtual sensor location p = p; — p;, and £py are the virtual
sensor locations bounding U on the positive and negative sides,
and w(p) obtained as w(p) = {(pi,p;) € P | pi —p; =pi} is
the weight (or redundancy) of the virtual sensor location py,
indicating the number of physical sensor pairs that contribute
to it.

In summary, for a sparse array with the sensor location set
P, its difference array is Dp. If a second sensor location set
Tq is included to form a combined array, the overall virtual
difference array is the union of the self-difference sets of each
individual array and the cross-difference set between them;
ie.,

Dy = Dp U Dy, UDp 1, U D1y p, 3

where Dr, = {7; —7; : V7, 7; € Tq} is the self-difference
array of T and the cross-difference set Dr,p is defined as

Dr,p = diff(Tq, P) = {7 —p | V7 € Tg,Vp € P}, (9)

bearing in mind that Dpy, = —Dr,p. The cardinality of the
difference array D, represents the total number of unique
DOF offered by the combined array. In contrast, the cardinality
of U represents the number of uniform DOF, where py is the
one-sided number of uniform DOF.

In practice, the array covariance matrix in (3) is estimated
using the time-averaging operator of the available 7' time
snapshots, i.e.,

Rpp = (10)

= e (1)
t=1

III. QTH-ORDER TWIN ARRAY

A. Concept of the Qth-Order Twin Array

This subsection details the formulation of the (Qth-order
twin array, which is constructed based on the logic of the
multinomial theorem.

Theorem 1 (The Qth-order Twin Array): Let xp(t) be the
output vector of a physical sensor array with sensor location
set P, the (Qth-order Hadamard power of the output vector,
(xp(t))°9, is equivalent to the output vector of a virtual sensor
array, whose steering vector corresponds to a sensor location
set T given by T = QP = {Qp; | p; € P}.

Proof: For a physical sensor array, the sensor output is
a weighted sum of the signals from all directions of arrival
([ se(t)albh
follows the logic of the standard multinomial theorem [41],
[42]. This theorem states that raising a finite sum of terms to
a non-negative integer power is equivalent to summing over
all possible combinations of non-negative integer exponents

)} ). Raising that element to the power

that add up to that power. Explicitly, the expansion of a sum
of K base terms (sy) raised to power @ is

Q:Zrllm HS

for all r, > 0 such that 71 + 79 + -+ + rxg = Q. To apply
this logic to a vector, we treat each of its elements — each
representing a sensor in the array — individually.

Assume that xp(t) represents the signal with no noise com-
ponent; that is, xp(t) = Zszl sk(t)ap(0y). Then, consider
the ¢-th element of this vector, where ¢ = 1,2,..., N. That is,

~Y i

where [-]; denotes the i-th element of the vector. Raising this
vector to the Hadamard power () means raising each of its
individual elements to the power Q. Specifically,

Q
<Zsk ap Hk ) . (13)

In (13), we have a sum of scalars (not vectors). Therefore,
the multinomial theorem formulation can directly be applied
to this scalar as

(s1+ 82+ ... +5kK) (11)

a[[» 9k (12)

[(xp(t)

’I“kZO k=1
2or=Q
(14)
Now, since [(w)°"]; = [u]} and [u o v]; = [u];[v];,

[T [z (@) = [(a(61)°" o (ap(62)r o -+ o
(ap(fk))°"*];. Thereby, the complete vector can be written

as
K
)= 3 P (] s OO 00)) ),
re>0 k=1
> re=Q

(15)
where () denotes the sequential operation of the Hadamard
product for all vectors (ap(fy))°" .

For ) = 2, the possible distributions of the exponents 7
in (15) are limited to two distinct patterns. The first pattern
is one exponent equals 2 and all others equal O (i.e., v = 2
and r; = 0 for all [ # k). Therefore, the form of the resulting
term is s7(t)(ap(0)))°%, where the number of distinct terms
for this form is K (one for each source) and the number of
instances (the multinomial coefficient) for each distinct term
is m = 1. The second pattern is two distinct exponents
each equals 1 and all others equal 0 (i.e., rx = 1, 1 = 1
for k # I, and r,, = 0 for all m # k,[). Consequently, the
term form is sy (t)s;(t)ap(0)) oap(6;). The number of distinct
terms for this form is given by the combination formula
(12( ) = K(I;_l) , which counts the number of unique unordered
pairs of distinct sources k,[. The multinomial coefficient for

. . . . !
each distinct unordered pair is m = 2. Therefore,
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kl=1; k#l

a7)

> k() (ap(0r)°? o si(t)ap(0r) +6 Y si(t)ap(0k) o si(t)ap(0)) o s (t)ap(0m)

k,l,m=1; k<l<m

K
+ 3(2 Sk(t)z(ap(ok)) o n]p + GZ Sk ap(t?k) o Sl( )ap(ﬁl)] o n]p( ) + 3(A[PZP o (l’l]p(t))OQ) + (Il]p(t))og. (20)

1<k<I<K

by combining these two resulting terms, the expansion of
(xp(t))°2, denoted by xr, (t), is expressed as

anz (1) = (x2(1))* = xp(t) o xp(t) =

Zsk

When @Q = 3, the exponents r; in the multinomial ex-
pansion satisfy the following three distinct patterns: 1) One
rr = 3 and all other r; = 0 for | # k; 2) One 7, = 2, one
r; = 1 (where k # 1), and all other r,,, = 0; 3) Three distinct
exponents each equals 1 (ie., vy =1, 7 =1, r,, = 1 for
k # 1 # m), and all other r,, = 0. Therefore, by combining the
resulting terms, the expansion xr, (¢) resulting from (xp(t))°3
is given as in (17).

Note that the expansions in (16) and (17) result in a
harmonic term and cross terms, as the number of these
latter grows with the higher-order expansion. In the array
signal processing context, the harmonic term corresponds
to the Qth-order source signal vector (i.e., (sp(t))°? =
[s?(t),...,s?((t)]T) combined with the steering vector of
the physical sensor array raised to the Hadamard power @)
((ap(0%))°?). This element-by-element power operation cre-
ates new virtual sensors located at Qp;, where p; € P. In this
study, the sensor location set T, obtained as QP, constitutes
the sensor set of the "Qth-order twin array,” derived from the
original sensor array, and its steering vector is expressed as

ar, (0k) = (ap(0r))°? = (18)
[e72m(@PO(@/N)sin(0k) || oi2m(Qpn)(d/N)sin(06)) T

(16)

(ap ()% +2 Y si()si(t)as(0x) o ap(6)).
1<k<I<K

O

When noise is considered (np(t)), the output vector of the
second-order twin array xr,(¢) in (16) must also account for
the squared noise and the signal-noise cross terms. Therefore,
X, (t) is given as

XTQ = Z a]p 9k o2 +2 Z 5k a]p(ﬂk) (19)

k=1 1<k<I<K
o s(t)ap(8;) + 2 (Apsp(t) o np(t)) + (np(t))°2.

For the third-order twin array, xr,(¢) in (17) is given as in
(20).

B. Signal Model of the Twin Array

This subsection presents the signal model for a physical
sensor array extended with its Qth-order virtual twin. It then

introduces the extended array covariance matrix adopted for
complex Gaussian signals (CGSs).

Let xr, (t), for Q@ > 2, represent the output vector of
the Qth-order twin array, obtained by applying the Qth-
order Hadamard power to the physical array output xp(t).
Concatenating these two vectors forms a 2N x T' extended
output vector, expressed as

-

xs(t) = [x¢ (1) xq,(t)]
The corresponding extended array covariance matrix, esti-
mated over T snapshots, is given by

1 T
7 2w ()

This new 2N x 2N matrix generates new difference domains
through the pairwise interactions between the sensor locations
of the physical array, the virtual twin array, and across the
two arrays. To characterize these new domains analytically,
we employ the statistically expected array covariance matrix,
Rpgg. For simplicity, we assume that the output vector of
the Qth-order twin array comprises only two components.
Specifically, let xt,, (t) be modeled as

X'JI‘Q (t) = ATQ STQ (t) + Il'ﬂ‘Q (t), (23)
where: Ar, = [ar,(61),...,a1,(0K)] = (Ap)°? is the
virtual manifold matrix, st,(t) = (sp(t))°? is the Qth-
order source signal vector, and nrg(t) = (np(t))°? =

me(),... ,n%(zﬁ)}T is the Qth-order noise vector. Then, Rgg
(with time dependence suppressed) is expressed as

2y

Rig = (22)

Res =  [xax] = E HXXW’ ] (! x{g@ﬂ 24)
Tq
H H
_ 5 HXXPXPH prTﬁ ”
ToXp XToXT,
_|E xext!]  Blxexil] _ | Rer Repr,
E[XTQX]PI,{] E[X’[QXTQ] RTQ]P’ RTQTQ

where: Rpp = ApE[spsi|All + Enpnfl], Rpr, =
APE[SPS%Q]A%Q —|—E[n]pn{f[Q], Ry p = ATQE[STQSJ{;I]A]{,?I—i—
RIP’T , and R’JI‘Q’JI‘Q = ATQ [STQS'IH-‘IQ]ATQ +
E[nt, nT ]. As such Rgg in (24) can be expressed - in a
similar way to the way of expressing Rpp in (4) w.r.t. (3) - as

R = (25)

25:1 UI%DP(ak) + U%IN 22(21 . Dt (O) +niIn
K K 9
Y1 kDrop(Ok) + mIn i, 07 Dr, (6x) + 0290y

E[nTQ ng]
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Sensor locations of a 10-sensor second-order dilated nested array (IP), its second-order twin (T2), their respective difference arrays (Dp, D, ), and

their difference co-array (Dt,p), where black, gray, and blue bullets represent the physical sensors, the twin array virtual sensors, and the virtual difference

sensors, respectively. P = {1, 3,5,6,12, 18, 24, 30, 34, 38} and Ty = 2P.

where 02 = Elsy(t)s}(t)], 0562 = E[s2)(s2(t)*], o =
E[s2(t)s;,(1)]. and n, = E[ng (t)nf (t)].

For a CGS sj(t) with zero mean and variance o}, the
expectation of the signal with its conjugate (E[s(t)sy (t)])
is the expectation of the squared magnitude of the signal
(E||sk(t)|?]), which in turn is the s1gnal variance/power 2.
When () > 1, the expectation E[sk( )(st(t))*] equals

E[|s,(t)|??], which is the statistical 2Qth moment of the
signal. For a Gaussian distribution, this higher-order statistic
[1] is given by

El|sk(t)[*?] = QUE[|sk(t)])? = Q! o},

Since the 2Qth-order moment for any CGS with zero mean
and variance o2 follows (26), it also holds that E[|n;(t)*?] =
Q! 2@, However, the element [xT,,(t)]; also contains cross
terms. These involve multiple signals and signal-noise inter-
actions. The expectations of these terms are also 2Qth-order
statistics. This is because raising the weighted sum to the
power Q, ([(xp(t))°?];), distributes the exponent evenly across
each term of the expansion.

Explicitly, assume a cross-signal term of L independent
CGSs, each with zero mean and variance 012, is defined as
xs(t) = s7'(t)s5(t) ... s} (t), where r; > 0 and ZzL:1 T =
Q. Then, E [z(t)z%(t)] is

(26)

Elzs()as()] = E(s1'(8) ... 57 @) (s (£) - s (£)7]
=E st .. |sL(t)]*™]
=E[|si®)]*"] ... E[|sp(t)”™"] . (27)

According to (26), E [|s;(t)[>"] = r!o}"™. Therefore, the
total expected value becomes

L
E[ H 7“[' 02”

=1

(28)

When o7 = o2 for all [, the generalization in (28) simplifies
as [[/L, 02" = g2(mtratotrr) — 52Q Thus, the formula
becomes

B zy(t) = Hrl (29)
For the signal-noise cross term x4,(t) defined as
Pan(®) = (ST s ()0 (1), where

S+ SNt = Qs+ Qn = Q, Bz (t)l, ()] is

(T2, Ellsi()2=)(TTY_, Ellnm,(t)[?]). Therefore, the

expectation becomes
L M

E[zs(®)al, ()] = ([ r) (1] ) (067) (07)%", (30)
m=1

=1

where Qs = Zz 17 Qn = Zm 1rm, and Q, + Q, = Q.
In [(xp(t))°?];, 25 (t) is of the form s} (t)...s7" (t) n Q” (1),
where Zlel 1+ Qn = Qs + Qn = Q. Therefore, this spemal
case is given as
L

E [xon(t) =)@ @ (62)@ (31)

=1

where Q, = lel r;, and Qs + Q. = Q.

However, note that when ) > 1, for a circularly symmetric
CGS, the expectation of the form E[s,?(t)(sk(t))*] is zero.
This means the covariance matrix Rr,p, which includes
the steering matrix DTQP, is zero. Fig. 1 shows the sensor
locations for a 10-element dilated nested array (DNA) of order
Qy + 1, as defined in [16], and its second-order twin array.
The figure also presents the difference arrays for each and
their difference co-array. Since the covariance matrix is zero,
the DOF within the difference co-array Dr,p is non-functional.

Therefore, in this study, which is on circularly symmetric
CGSs, the extended covariance matrix Rgg is formed and
defined as a block column matrix, given by
(32)
where Rpp =  E[xp(t)xf(t)] and Rrg,r, =
E[xt, (t)xfIQ (t)]. Their sample estimates are given by Rpp =
+ Yoy xe(0)x (1) and Regrg = 4 Y1, xrq ()X (2),
respectively.

In array signal processing with CGSs, as seen in (4), the
variance (the second-order moment) of the CGS dominates the
structure of the array covariance matrix Rpp. This dominance
is also revealed by the eigenvalue decomposition (EVD) of
Rep, particularly when the impinging signals are of equal
power, where the average of the largest eigenvalues (Gp,)
corresponds to the signal power (Gp, ~ o} + 02), while the
average of the smallest eigenvalues corresponds to the noise
variance (G ps ~ o2). This creates a distinct eigenvalue gap,
which is essential for the performance of subspace-based DOA
estimation algorithms.
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In our approach, which uses the matrix RTQTQ, the 2Qth-
order moments of the source signal — generated by the
Qth-order twin array — can dominate Rgg. This dominance
occurs specifically when the received signal power is high
(e.g., o2 > 1 Watt), so that Q!O’zQ > o2. For example,
the 2Qth-order moment is Q!c2?: for a second-order twin
array (QQ = 2), this is the fourth moment (= 20%); for
Q = 3, the sixth moment (=~ 65°); and for QQ = 4, the eighth
moment (~ 240%). Thus, the 2Qth-order moment increases
exponentially with ) and inevitably becomes the dominant
component under such a condition (under high received signal
power condition).

Nevertheless, in practical applications where signals are
received with low power (02 < 1 Watt), the 2Qth-order
moments become negligible. This is because the inequality
Q!'0%? <« 2% also holds. As a result, the contribution
from the physical sensor array and its Gaussian properties
dominates the structure of the extended covariance matrix.
Crucially, however, the extension still provides the benefit of
exploiting the difference domain of the Qth-order twin array,
as demonstrated in Section V. It is important to note that the
purpose of this study is to introduce and validate the Qth-
order twin array concept by obtaining valid spatial spectra
using standard second-order DOA estimation algorithms. Fu-
ture array designs can therefore be specifically optimized to
maximize the combined DOF offered by P U Tq.

IV. DISCUSSION

This section discusses and compares the DOA estimation
performance of a physical array operating alone with that of
its combination with a virtual twin array. The comparison aims
to investigate the impact of incorporating the Qth-order twin
array on the structure and properties of the extended array
covariance matrix.

This section uses the improved co-prime nested array
(ICNA) geometry because, for certain values of N, the phys-
ical array (IP) provides the same number of uniform DOF
as the combined array (P U Tg). For instance, an ICNA
with N = 7 physical sensors yields 16 uniform DOF. When
combined with its second-order virtual twin array (T2) —
whose sensor locations are given by 2P = [2, 4,6, 8,10, 12, 14]
— the number of uniform DOF remains 16.

In this and the following section, unless stated otherwise,
the source signals are modeled as uncorrelated, complex
Gaussian random processes with equal power. The signals
are assumed to arrive from directions that are uniformly
distributed in angle. The sensor noise is modeled as a complex,
zero-mean Gaussian process that is spatially and temporally
white and uncorrelated with the source signals. The array
covariance matrix is estimated from 5,000 temporal snap-
shots. The spatial spectra are visualized using the subspace-
based MUSIC algorithm [43], [45]. The accuracy of the
DOA estimation is quantified by the root mean square error
(RMSE). RMSE is calculated from estimates provided by
the high-resolution root-MUSIC algorithm [44]. It is defined

as RMSE = \/ﬁ PO K (0 — 6,,)2, where 01 is
the estimated direction of the kth source in the yth Monte

Carlo trial (Y = 500 trials), and 6}, is the corresponding true
direction. The true direction is expressed in spatial frequency
units as (d/\) sin(6).

When applied to the covariance matrix of the physical
array Rpp, the MUSIC algorithm achieves excellent DOA
estimation for 12 signals (Fig. 2(a)). This is due to the clear
gap between the signal and noise eigenvalues, as revealed by
the eigenvalue decomposition plot accompanying Fig. 2(a). In
contrast, the performance of the MUSIC algorithm deteriorates
for the same signals when applied to the extended covariance
matrix Rgg, which is formed by combining the physical sensor
array with its virtual twin (where xg(t) = [xg (t) x (£)]7),
as shown in Fig. 2(b).

The incorporation of the virtual twin array distorts the
structure of the extended covariance matrix. Specifically, the
EVD plot in Fig. 2(c) shows that the average eigenvalue of
Rpp (G p) is about 07 +02, while that of R,t, (G,) is about
20} + 207+. This shows that the higher-order moment inflates
the eigenvalue spectrum. Contributions from cross-signal and
signal-noise interactions further amplify this effect, as seen
in the degraded spatial spectrum of Fig. 2(b). The Toeplitz-
averaged matrix Ry reduces this amplification (as shown in
Gy, and Gyg) due to its correlation vector ry. According
to (7), this vector averages the correlation statistics for each
different difference. However, it cannot prevent the Qth-order
twin array terms from dominating the covariance matrix. This
issue is also seen in Figs. 5(a), 7(a), and 8(a), where the Qth-
order twin array inflates the eigenvalue spectrum, shrinking
the gap between large and small eigenvalues and impairing
the algorithm ability to exploit subspace orthogonality.

Therefore, it is necessary to reduce this numerical ampli-
fication and its adverse effect on the extended covariance
matrix. This can be achieved by scaling, or “sinking,” the
twin array output vector. The principle is to scale the signal
amplitudes down. This suppresses the higher-order moment
Q! 02@Q) relative to the second-order moment (c'2). By scaling
xr, (t) by 1/4/10, as shown in Fig. 2(d), we see a significant
improvement in DOA estimation performance for the 12
signals compared to the non-scaled case in Fig. 2(b).

This improvement continues with greater attenuation. For
instance, when a divisor of /100 replaces V10, estimation
accuracy improves, as shown in Fig. 2(e). Beyond this point,
however, the accuracy plateaus. Increasing the divisor further
to V103 or v/106 (see Figs. 2(f) and 2(g)) produces no addi-
tional improvement. The figures also show that the averages
of the large and small eigenvalues (G, and Gp,) remain
unchanged. This is because the extended array covariance
matrix now becomes dominated by the original physical array,
rather than its virtual twin, as indicated by G, < Gp in the
figures.

Nevertheless, applying attenuation to prevent the twin array
from numerically dominating the covariance matrix structure
is not always necessary. This is particularly true when the
received signal power is low (e.g., 02 is below 1 Watt, which
corresponds to typical practical levels such as -70 dBm). Under
such low-power conditions, the Hadamard product operation
in the twin array output further attenuates the signal amplitude.
As a result, the contribution from the original physical array
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Fig. 2. MUSIC spectra P(0) and eigenvalue decomposition (EVD) of the covariance matrices Rpp for an improved co-prime nested array (ICNA) geometry
and Rgg for the ICNA combined with the second-order twin array, whose output vector xT, (t) is generated as (xp(t))°2. The scenario involves K = 12

complex Gaussian signals (CGSs) with angles 0 = —0.458 +0.916(k —

1)/(K— 1) for 1 <k < K, N =7 sensors, and T = 5 x 103 snapshots. Unless
otherwise specified, the source power is O'k = 36 dBm and the noise power is o2

= 30 dBm (SNR = 6 dB). (a) Spectrum using only the physical array

output xp(t). (b) Spectrum using the extended output vector xg(t). (c) Spectrum using xg(t) with xr, (t) made only of the harmonic-signal and -noise
spaces. (d-g) Spectrum using a scaled output vector within xg(t): X,y (t)/\/f with scaling factor f = 10,102,103, 10°. (h) xg(t) with low-power sources:

02 = —30 dBm, 02 = —36 dBm. (i) xp(t) with 02 = —30 dBm, o2

naturally dominates the extended covariance matrix structure.
Fig. 2(h) illustrates this scenario for a received power of -
30 dBm and a noise floor of -36 dBm. Here, a clear gap
is observed between the small and large eigenvalues. This
eigenvalue structure indicates that the matrix retains statistical
properties consistent with a Gaussian model. In conjunction
with Fig. 2(i), these results show that second-order statistics
predominate, and the higher-order moments in this case are
too weak to contaminate the matrix structure.

However, when the signal level is low and further re-
duced by the twin array, amplitude attenuation can drive
small eigenvalues (those unlinked to high-power directions)
to negative values, rendering the covariance matrix indefi-
nite. For example, with 15 signals arriving from directions
O = —0.435+ 0.87(k — 1)/(K — 1) for 1 < k < K, some
small eigenvalues become negative, as shown in Fig. 3(a). The
effect intensifies and these eigenvalues drift farther from zero
when the directions are ;, = —0.465 + 0.93(k — 1) /(K — 1)
(Fig. 3(b)). Importantly, this bias in noise power does not
destroy eigenspace orthogonality. Since R is still Hermitian,
the signal and noise subspaces remain orthogonal, even with
negative eigenvalues, and the required eigenvalue gap for their

= —36 dBm.

separation also remains well defined.

In other words, this indefiniteness has no effect on subspace-
based DOA estimation algorithms. In Figs. 3(a) and 3(b),
the MUSIC algorithm, applied directly to indefinite matrices,
yields spatial spectra that align with the true directions. Similar
alignment appears in Figs. 3(c) and 3(d), where the MATLAB
pmusic function is used on the same matrices. Thus, these
indefinite covariance matrices, like the indefinite Toeplitz
covariance matrix in [43], do not affect subspace-based DOA
estimation. Nevertheless, zeroing, thresholding, or regularizing
Ry, as in Fig. 3(e), restores the positive semi-definite property,
as shown in Fig. 3(f).

V. SIMULATION RESULTS

This section presents simulation results to validate four
key aspects and is therefore organized into four subsections.
The first subsection shows the enhancement in uniform DOF
achieved by combining the physical array with its virtual
twin. This combination increases the number of detectable
sources beyond the limit imposed by the difference array
of the physical array alone. The second subsection extends
this validation to higher-order twin arrays (specifically, third-
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F1g 3. P(d) and EVD of Rg for the 7-sensor ICNA combined with its second-order twin array. In this simulation scenario, K = 15 CGSs, T = 5 x 103,

= —30 dBm, and 0’
s 46540.93(k—1)/(K —1). (¢) O = —0.435+0.87(k—1) /(K
with thresholding (Gy). (f) EVD of Rpp and the associated P(0) with 0, =

and fourth-order) to demonstrate their ability to handle more
sources. These numbers correspond to their theoretically en-
hanced DOF. The third subsection compares estimation ac-
curacy across different combined configurations to quantify
the benefits of higher-order twin arrays. Finally, the fourth
subsection examines the performance of these virtual arrays
under more realistic conditions, involving random distributions
of source powers and angles of arrival.

A. Validation with Second-Order Twin Arrays

This subsection presents simulation results to quantify
the aggregate DOF obtained by integrating a physical sen-
sor array with its corresponding twin array. The employed
configuration is a Qth-order dilated nested array (DNA),
as specified in [16]. With N 11 sensors, the sen-
sor positions for the second-order DNA are provided by
the set P {1,3,5,6,12,18,24,30,36,40,44}. The as-
sociated second-order twin array is defined as Ty
{2,6,10, 12,24, 36,48, 60, 72, 80, 88}.

The second-order DNA structure alone achieves 35 uniform
DOF in its difference array, Dp. When combined with its twin
array, the resulting structure provides a total of 44 uniform
DOFs, collected from the union Dp U D, .

Fig. 4 depicts the spatial spectra for 40 and 44 CGSs. The
results show sharply defined peaks that accurately correspond
to the true directions of arrival, validating the capability to
resolve a number of sources exceeding the 35-source limit
possible with the second-order DNA operating alone.

B. Validation with High-Order Twin Arrays

This subsection extends the validation to third- and fourth-
order twin arrays. We present spatial spectra that use the en-
hanced uniform DOF. We also provide an eigenvalue analysis

—36 dBm (SNR = 6 dB). Source angles are defined for 1 < k < K as: (a) 0, = —0.435 4 0.87(k — 1) /(K —

1). (b) b, =

—1),(d) G, = —0.46540.93(k—1) /(K —1). (e) O, = —0.465+0.93(k—1)/(K —1)

—0.465 4 0.93(k — 1) /(K — 1).

RMSE = 0.00054494 RMSE = 0.0017533

——K=40

P(0)

1010

Fig. 4. MUSIC spectra computed from Rk for a second-order DNA with its

second-order twin array. (a) K = 40 CGSs. (b) K = 44 CGSs.. Common
parameters: N = 11, T = 5000, 07 = —30 dBm, 02 = —36 dBm,
0 = —0.475+095(k—1)/(K —1),1 <k < K.

of the extended covariance matrix to observe the effects of
higher-order statistical moments.

We continue using the 11-sensor second-order DNA con-
figuration from the previous subsection. The combined ar-
ray P U T3, where the third-order virtual array is given by
Ts = {3,9,15, 18, 36, 54, 72,90, 108, 120, 132}, provides 39
uniform DOF. Similarly, the combined array P U T4, where
the fourth-order virtual array is defined by T4 = 4P, provides
41 uniform DOF.

Fig. 5(a) and its eigenvalue plot show results for 38 CGSs
using the combined array P U T3. The higher-order statistics
from the twin array (Gr, o« 60f) degrade performance
by causing missing and misaligned spectral peaks due to
the numerical amplification. However, as illustrated in Fig.
5(b) and Fig. 6(a), scaling and calibration counteract this
amplification, thereby improving performance. In contrast,
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Fig. 5. P(0) and EVD of Rgg for an eleven-sensor second-order DNA with the third-order twin array, whose output vector X, (t) is generated as (xp(t))
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The scenario involves K = 38 sources with arrival angles defined by 8}, = —0.475 + 0.95(k — 1) /(K — 1) for 1 < k < K, using T = 5000 snapshots.
(a) x74 (t) with 02 = 39.5 dBm and o2 = 30 dBm. (b) xr,(t)/v103 with 02 = 39.5 dBm and 02 = 30 dBm. (¢) x,(¢) with 02 = —30 dBm and

02 = —39.5 dBm.
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Fig. 6. EVD of R]E]E for an eleven-sensor second-order DNA with its third-
order twin array. This scenario involves K = 38 sources with angles defined
by 0 = —0.475+0.95(k—1)/(K —1) fork = 1,..., K, using T = 5000
snapshots. (a) xr, (t)/Vv 103 with 02 = 39.5 dBm and ¢2 = 30 dBm. (b)
xr, (t) with 02 = —30 dBm and 02 = —39.5 dBm.
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Fig. 6(b) shows that under low signal power, the third-order
twin array attenuates rather than amplifies signal amplitudes,
which allows the original array to dominate in the extended
covariance matrix while still benefiting from the enhanced
DOF. Therefore, as shown in Fig. 5(c), the combined array
detects more sources than the original sensor array.

Figs. 7(a) and 8(a) present the results for the array combined
with its fourth-order twin for 38 CGSs. These results show
that the colossal higher-order moment (G, o 240%) severely
distorts the covariance matrix structure. Scaling addresses this
distortion, resulting in accurate DOA estimation for all 38
signals (Figs. 7(b) and 8(b)), while direct accurate estimation
occurs when the incoming signal amplitude is below 1 V (Fig.

7(c)).

C. Accuracy Comparison: Standard vs. Higher-Order Twin
Arrays

This subsection evaluates the accuracy of DOA estimation
by comparing the performance of a physical sensor array
paired with its standard (second-order) twin array against its
pairings with higher-order (third- and fourth-order) virtual
twins.

We utilize the ICNA as the physical sensor array. For a
configuration with N = 13 sensors, the combined arrays P U
To, PUTS3, and PUT, each yield 52 uniform DOF. Similarly,

for N = 15 sensors, these combinations provide 70 uniform
DOF.

Table I lists the RMSE values for scenarios involving 35 and
50 sources, across various maximum angular separations. The
results indicate that the configurations incorporating higher-
order twin arrays achieve superior estimation accuracy com-
pared to the standard second-order configuration. This trend
is consistently demonstrated in Table II, which shows that the
fourth-order configuration yields the lowest RMSE.

The improvement in accuracy, despite equal numbers of
uniform DOF, is due to the way the higher-order twin arrays
are constructed. Although the output vector of a higher-
order twin array contains more cross-term interactions, the
inherent amplitude attenuation associated with the higher-order
expansion mitigates the numerical presence of these terms in
the extended covariance matrix. This may result in a cleaner
statistical representation, which, in turn, may lead to more
stable and accurate DOA estimates.

D. Performance Under Non-Ideal Conditions

This subsection evaluates the performance of the twin array
under realistic, non-ideal conditions, including signals with
non-zero means and random distributions for both power levels
and angles of arrival.

Fig. 9(a) displays the spatial spectrum for the physical-
virtual array structure when the received CGSs contain non-
zero mean components. Although CGSs in typical communi-
cation systems usually have a zero mean or a mean power
significantly below the noise floor, this simulation assumes
that the mean power of each signal equals the noise power
(|2x? = 0.00025 mWatt). As shown, this non-zero mean de-
grades the DOA estimation performance compared to the zero-
mean baseline in Fig. 7(c). However, applying mean removal
prior to the extended covariance estimation (by computing
xp — E[xp]) leads to improved estimation performance, as
depicted in Fig. 9(b).

Fig. 10(a) depicts the spatial spectrum for a scenario where
the time-varying power levels of the CGSs follow a Log-
Normal distribution. The received power has a mean of -
30 dBm and a standard deviation of 3 dB, truncated to +2
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Fig. 7. P(6) and EVD of Rgg for an eleven-sensor second-order DNA with the fourth-order twin array, whose output vector xt, (t) is generated as
(xp(t))°*. The scenario involves K = 38 sources with arrival angles defined by 8, = —0.485 + 0.97(k — 1) /(K — 1) for 1 < k < K, using T' = 5000
snapshots. (a) x, (t) with 67 = 39.5 dBm and 62 = 30 dBm. (b) x, (t)/v/3 X 10% with 7 = 39.5 dBm and 62 = 30 dBm. (c) x, (t) with 07 = —30
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Fig. 8. EVD of REE for an eleven-sensor second-order DNA with its fourth-
order twin. This scenario involves K = 38 sources with angles defined by
0y = —0.485 +097(k — 1)/(K — 1) for k = 1,..., K, using T =
5000 snapshots. (a) x, (t) with 02 = 39.5 dBm and 02 = 30 dBm. (b)
xt, (t)/v/3 x 104 with 62 = 39.5 dBm and 02 = 30 dBm.

standard deviations (-36 dBm to -24 dBm) to prevent extreme
outliers. Compared to the fixed-power scenario in Fig. 7(c),
this figure shows a performance degradation, reflected by an
increased RMSE. Fig. 10(b) quantifies this increase in RMSE
for a case involving 41 sources and a standard deviation of 2
dB.

TABLE I
COMPARISON OF ESTIMATION ACCURACY (RMSE) FOR ICNA WITH
2ND-, 3RD- AND 4TH-ORDER TWIN ARRAYS.

Maximum Source Separation Angle (Omax, radians)

K =35 0.4 0.41 0.42 0.44 0.45

PUTs 0.0012  0.0011  0.0013  0.0012 0.0013
PuTs 0.0011 0.0010 0.0004 0.0013 0.0005
PUT4  0.0004 0.0005 0.0018 0.0005 0.0006
K =50 0.46 0.47 0.475 0.48 0.485
PUTs 0.0009 0.0005 0.0008  0.0004 0.0011
PuUTs  0.0010 0.0004 0.0010 0.0008 0.0009
PUT4  0.0008 0.0005 0.0006 0.0004 0.0005

Simulation parameters: N = 13, Uﬁ = —30 dBm, 0721 = —40 dBm, T =
5000.

Fig. 11(a) presents the spatial spectrum for the case where
the angles of arrival of the CGSs are randomly generated from
a mixed distribution. This distribution combines a Gaussian

component (with zero mean and a standard deviation of
Oimax /3) to model clustered sources, and a uniform com-
ponent (spanning [—0max, fmax]) to model scattered sources.
A minimum angular separation (émin) of 0.025 radians is
considered between all generated angles. The results show that
the estimated angles closely align with the true directions of
arrival. Fig. 11(b) further illustrates this accurate alignment
for K = 30 CGSs with 0,,,x = 0.485. This close alignment is
also illustrated in Fig. 11(c), which involves a combination of
randomly generated power levels and arrival angles.

TABLE II
COMPARISON OF ESTIMATION ACCURACY (RMSE) FOR ICNA WITH
2ND-, 3RD- AND 4TH-ORDER TWIN ARRAYS.

Maximum Source Separation Angle (Omax, radians)

K =50 0.35 0.36 0.37 0.39 0.4

PUT, 0.0003  0.0004 0.0007  0.0005 0.0005
PUT3  0.0005 0.0005 0.0006 0.0006 0.0003
PuUT4  0.0003 0.0004 0.0003 0.0003 0.0003
K =60 0.44 0.445 0.45 0.47 0.48

PUTs 0.0004 0.0009 0.0008  0.0006 0.0009
PuTs  0.0004 0.0009 0.0008 0.0009 0.0004
PUT4  0.0004 0.0004 0.0004 0.0004 0.0005
K =65 0455 0.465 0.475 0.485 0.49

PUT, 0.0005  0.0005 0.0007  0.0006 0.0006
PuUTs  0.0005 0.0008 0.0004 0.0007 0.0005
PUT4  0.0003 0.0005 0.0005 0.0003 0.0004

Simulation parameters: N = 15, 0‘,% = —30 dBm, 0721 = —40 dBm, T' =
5000.

VI. CONCLUDING REMARKS

This paper has introduced the twin array, a novel framework
generating new spatial domains to enhance the DOF in array
processing. The core of this approach involves applying the
Hadamard product to the output vector of the physical sensor
array to create a virtual array. Generalizing this operation to
a Qth power produces a Qth-order expansion, reflecting a
higher-order arrangement of the twin array. This arrangement
provides a distinct cluster of virtual sensor locations, which
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RMSE = 0.0010453 RMSE = 0.0006686

[« —]

Fig. 9. MUSIC spectra computed from R for a second-order DNA with its
fourth-order twin, processing non-zero mean signals. (a) Estimation without
mean removal. (b) Estimation after mean removal from the physical array
output (xp — E[xp]). In this example, |pj|? = 0.00011281 mWatt, o2 =
0.001 mWatt, and U?L = 0.00011281 mWatt. N = 11, K = 38 CGSs
located at angles 0, = —0.485 4+ 0.97(k —1)/(K — 1) for k=1,..., K,
and T = 5000.

RMSE = 0.0019804 RMSE = 0.001982

10°

10°

P(0)

1010

(a) (b)

Fig. 10. P(0) computed from R for a second-order DNA with its fourth-
order twin, under conditions of time-varying signal power. (a) Log-normal
power distribution with a mean of -30 dBm and a standard deviation of 3 dB
for K = 38 CGSs. (b) Log-normal power distribution with a mean of -30
dBm and a standard deviation of 2 dB for K = 41 CGSs. In this example,
N =11,0, = —0.485+0.97(k—1)/(K—1) fork =1,..., K, T = 5000,
and 02 = —39.5 dBm.

optimizes the original array DOF during the design phase.
A key finding is that although these nonlinear expansions
introduce higher-order moments, they do not dominate the
signal power within the extended covariance matrix. This
ensures the preservation of the matrix Gaussian properties,
allowing standard second-order, subspace-based DOA esti-
mation algorithms to be applied directly. By leveraging the
enhanced uniform DOF offered by the physical-virtual array
structure, these algorithms yield high-resolution spatial spec-
tra. Furthermore, simulation results confirm that higher-order
twin arrays achieve superior estimation accuracy compared to
their lower-order counterparts.
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